ON THE ARITHMETIC SELF-INTERSECTION NUMBERS OF THE 
DUALIZING SHEAF FOR FERMAT CURVES OF PRIME EXPONENT 
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Abstract. In this article we improve the upper bound for the arithmetic self-intersection 
number of the dualizing sheaf of the minimal regular model for the Fermat curves Fp of 
prime exponent. 
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^ 0. Introduction 

^ The main motivation of Arakelov to develop an arithmetic intersection theory was the idea 

^ of proving the Mordell conjecture by mimicking the proof in the function field case done by 

\^ Parshin |Palj . Let E he a number field. A central step in this program relies on suitable 

O upper bounds for the arithmetic self-intersection number WAr^, where aJAr is the dualizing 

^ sheaf ux = ujx/Oe ® f*^OE/'z equipped with the Arakelov metric (see |Ar] . p. 1177, jMBlj . 

^ P-75), of an arithmetic surface X — > SpecO^ that varies in certain complete families (cf. 

• ^ jPa2] . jMB2] . or Vojta's appendix in |La] ). However finding such bounds turned out to be 

^ an intricate problem. The best results obtained so far give asymptotics or upper bounds 

cd for cuAr^ on regular models for certain discrete families of curves as modular curves (see 

[AUj . |MUj . |JKlj and |Ku2j ) and Fermat curves (see |Ku2j ). Bounds for these curves have 

been asked for since the beginning of Arakelov theory (see e.g. |Laj . p. 130 or |MB2j . 8.2). 

In this article we improve the upper bound of ujai'^ for Fermat curves Fp of prime exponent. 

Our calculations rely on a careful analysis of the cusps behaviour above the prime p. This 
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allows US to compute exactly the "algebraic contributions" of a formula for oJ^r'^ in |Ku2j . 
We also take into account the difference between the minimal regular model 5^^*" and the 
regular model constructed in |Mcj . i.e. the minimal desingularisation of the closure in 
P|j^ J of the Fermat curve x"^ + = with prime exponent p. This leads to the following 
result. 

Theorem 0.1. Let it : 5^™" SpecZ[(^p] be the minimal regular model of the Fermat curve 
Fp : + = of prime exponent and genus g. Then the arithmetic self-intersection 
number of its dualizing sheaf equipped with the Arakelov metric satisfies 

<^l^i^,Ar < (2^ - 2) j^log I Aq(^^)|qP + [Q(Cp) : Q] (ki \ogp + K2) + _ logpj , 

where k,i,k,2 ^ 1^ o^^e constants independent of p. 

It is a well known fact that Aq((^p)|q = (— and [Q(Cp) '■ Q] = p— 1 and so Theorem 
[01] yields 

(2^^ p 5 
(p - 1) (ki logp + K2) H logp 

In comparison to previous results in |Ku2] our explicit calculation of the algebraic con- 
tributions reduces the maximal possible growth of as a function in p by a factor 

g{Fp)p^. In the forthcoming thesis of the first named author the more general case of 
Fermat curves with squarefree exponents will be considered. 

1. Intersection theory for arithmetic surfaces 

We start by reminding some notation used in the context of Arakelov Theory. Most of it 
will be very similar to the notation used in |So] . 



Definition 1.1. An arithmetic surface X is a regular integral scheme of dimension 2 
together with a projective flat morphism / : X — > Spec Oe, where Oe is the ring of integers 
of a number field E. Moreover we assume that the generic fiber Xe = X XgpecOB Spec E of 
/ is geometrically irreducible, i.e. X is a regular model for Xe over Spec Oe- We denote the 
complex valued points X(C) by Xqo; this is a compact, 1-dimensional, complex manifold, 
which may have several connected components. Actually we have the decomposition 

Xqo y y Xo-(c) , 

where Xo-(C) denotes the set of complex valued points of the curve X^- = X x spec E,a Spec C 
coming from the embedding a : E C For each s G SpecO^ we define the fibre above 
s as Xs := X y-spccOs Specfc(s). We have X(o) = Xe- Any point s 7^ (0) will be called a 
closed point and the corresponding fibre Xg a special fibre. 



Let / : X — s> SpecO^; be an arithmetic surface in the sense of Definition lA^. Due to the 
fact that Spec Oe is Noetherian and that / is of finite type it follows that X is Noetherian 
as well. 
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Remark 1.2. Since X is a regular Noetherian integral scheme, the divisor class group 
C1(X) of X is isomorphic to the Picard group Pic(X) (see |Li2j . p. 257: Corollary 1.19 and 
p. 271: Proposition 2.16). For any divisor D we denote the corresponding invertible sheaf 
by 0^{D). 

Definition 1.3. We set C1(X)q = C1(X) ®z Q- Obviously C1(X)q is a group again. The 
difference is that we are now allowed to work with divisors with rational coefficients. 

Lemma 1.4. Let / : X — SpecO^; he an arithmetic surface and s G SpecO^; a closed 
point. Then 

Xs = — div(/i) 
m 

in C1(X)(Q, where X^ = f*s, h G K{X) and m G Z. 

Proof: We know that the divisor class group Cl(Spec(9^) is finite and so we can find 
a positive integer m and a rational function g G i^'(Spec Oe) with the property that 
m ■ s = dw{g). Since X is regular it follows that f*s = Xg (see |Li2j . p. 351: Lemma 3.9) 
and so /*(m ■ s) = m ■ X^ = div{h) in C1(X) for a G K{X). Now, in C1(X)(Q we may 
divide this equation by m and the lemma is proven. □ 

Definition 1.5. Let T>, £ be effective divisors without common component, x G X a 
closed point and /, g represent T>, £ respectively in the local ring Ox,x- Then we define 
the intersection number ix{'D,£) in x as the length of Ox,x/if,g) as a Cx.a-module. The 
symbol ix{T>,£) is bilinear and so we may extend the intersection number to all divisors 
of X (just write V as P+ — P_ with 1^+ and P_ effective and then define ix{T>,£) := 
ix(T>^,£) — ix(T>^,£)). Now let s G SpecC^; be a closed point. The intersection number 
of V and £ above s is then defined as 

ts{V,£) := 5^^,(P,f)[A;(x):A;(s)], 

xeXs 

where x runs through the closed points of X^ and k{x), k{s) denote the residue class field 
of X, s respectively. If it is clear from the context which intersection number we compute 
(above which s), we simply write T> ■ £. 

Definition 1.6. Let s G SpecO^; be a closed point and £ a vertical divisor contained in 
the special fiber X^. According to the moving lemma (see e.g. |Li2] . p. 379: Corollary 1.10) 
there exists a principal divisor (/) so that V := £ + {f) and £ have no common component. 
Since (/) ■ £ = (see. e.g. |Laj . p. 58: Theorem 3.1.) we may define the self-intersection 
of £ as 

£^ ■.= V-£. 

Remark 1.7. Another possible way to define £'^ can be done via cohomological methods 
(see e.g. [DeJ). 
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2. Canonical divisors on an arithmetic surface 



Let f : X ^ Spec Oe be an arithmetic surface in the sense of Definition As / is a 
local complete intersection (see |Li2j . p. 232: Example 3.18.), we can define the canonical 
sheaf ujx/SpccOe of f : X SpecO^ (see e.g. [Li2j , p. 239: Definition 4.7.). 

Remark 2.1. Since the scheme Spec Oe is a locally Noetherian scheme and / is a flat pro- 
jective local complete intersection of relative dimension 1, the canonical sheaf is isomorphic 
to the 1-dualizing sheaf (see |Li2j . p. 247: Theorem 4.32.). 

Definition 2.2. We call any divisor /C of X with Ox{}C) = ujx/spbcOe ^ canonical divisor. 
This divisor exists because of Remark 11.21 

Remark 2.3. Let s G SpecO^; be a closed or the generic point. For each fibre Xg — *■ 
Spec/c(s) we get a canonical sheaf uJXs/ Spec k{s)- We have the relation co'x5/specfc(s) — 
'^x/ Spec Ob I Xs (see |Li2j . p. 239: Theorem 4.9). If s is the generic point we can define a 
canonical divisor K of X := X y<spec Oe Spec E in the same way we did with the arithmetic 
surface. Similar to the relation between the canonical sheaves we get ]C\x — K. 

Now let £^ be a vertical divisor contained in a special fiber Xg and /C a canonical divisor on 
X. Since any other canonical divisor is rationally equivalent to /C the intersection number 
/C ■ S depends uniquely on u^x/Osp^cE ^'^^ '^^ choice of a representative /C. We have 
the following important theorem: 

Theorem 2.4 (Adjunction formula). Let f : X ^ SpecO^; be an arithmetic surface, 
s G SpecC^; a closed point and £ a vertical divisor contained in the special fiber Xg. Then 
we have 

(2.1) 2pa{£)-2 = £'^ + }C-£, 

where Pa{£) is the arithmetic genus of S. 

Proof: See [m] Theorem 3.2. □ 

Later on it will be important to construct the canonical divisor explicitly. The following 
proposition will help us with that. 

Proposition 2.5. LetC G C1q(X) be a divisor on X which satisfies the adjunction formula 



(2.1 ) and whose restriction to the generic fibre X is a canonical divisor of X . Then C is a 



canonical divisor on X. 

Proof: Let /C be a canonical divisor on X (we already know that it exists). We want to 
show that /C ~ C and so that C is a canonical divisor as well. We denote the horizontal part 
of the divisors by JCh and Ch- Since the restriction to the generic fibre of both divisors is 
a canonical divisor of X we have }C\x = JCh\x ^ Ch\x = C\x and so there exists a rational 
element g G K{X), which yields )C\x — div(5f) = C\x- Because we have K{X) = K{X), we 
can interpret g as an element of K{X) and so obtain a principal divisor whose restriction to 
X is dw{g). We denote this principal divisor by dw{g) as well. If we now setC :=C+div(^) 
we get a divisor with the properties that C ~ C and C,^ = K-h- Since we are just interested 
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in C up to rational equivalence we may assume from now on that the horizontal part of C 
is the same as the one of /C. 

Let s G Spec Oe he a closed point and Xs the fibre above it. We denote by /C^ and Cs the 
vertical divisor of /C and C which have support in Xg. Since )C and C fulfill the adjunction 
formula and have the same horizontal part we have 

= (/C, - ■ (/C - C) = (/C, - ■ (/C, - o . 

and so JCg — Cs = qXs, where g is a rational number (see [LaJ, p. 61: Proposition 3.5.). Now, 



according to Lemma 1.4, we find m e Z and h G K{X) so that /C^ — = qXg = ^ div{h) 
and so we have JCg ~ Cg in C1(X)q. If we set C' := C + div{h) we have just changed the 
components of C with support in Xg- Again, we have C' ~ C and now ICh + JCg = C'^^ + C'^. 
Continuing successively with the other closed points of SpecO^; we arrive at a divisor C 
with C = K, and C ~ C as we claimed at the beginning. □ 



Remark 2.6. The Proposition 2.5 uses the fact that in C1(X)q the special fibres are 



divisors coming from functions (see Lemma 1.4). In other words, the canonical divisor is 



only defined up to rational multiples of the special fibres (in C1(X)q). 

3. Arithmetic intersection numbers for hermitian line bundles 

Definition 3.1. A hermitian line bundle C = {C, h) is a line bundle C owX together with 
a smooth, hermitian metric h on the induced holomorphic line bundle £oo = ®i C on 
Xoo- We denote the norm associated with /i by || ■ ||. Two hermitian line bundles £, M. on 
X are isomorphic, if 

where | ■ | denotes the usual absolute value. The arithmetic Picard group Pic(X) is the 
group of isomorphy classes of hermitian line bundles C on X, the group structure being 
given by the tensor product. 

Definition 3.2. Let £, M. be two hermitian line bundles on X and /, m non-trivial, global 
sections, whose induced divisors div(/) and div(m) on X have no horizontal component in 
common. Then we define the intersection number at the finite places (Lm)fin of / and m 
by the formula 



(/.m)fin := ^logtl(Cx,x/(L,"^x)) = ^»ix(div(Z),div(m))log|A;(5 

^x(div(/),div(m))[A;(a;) : k{s)]\ \og\k{s)\ 




where Ix and rrix are local equations of / and m at the point a; G X; the sum runs through 
the closed points x of X. 

The sections / and m induce global sections on C^o and A^oo, which we denote by abuse 
of notation again by / and m. We assume that the associated divisors div(/) and div(m) 
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on Xoo have no points in common. Writing div(/) = J^aPa^a with E Ij and Pa G Xqo, 
we set 

(log||m||)[div(/)] := ^p„log ||m(P^)|| . 

a 

The intersection number at the infinite places (Lm)oo of I and m is now given by the 
formula 

(/.m)oo:=-(log||m||)[div(/)]- f log 1 1/| | ■ Ci(7W) , 

where the first Chern form ci{Ai) G H^'^{Xoo,^) of A4 is given, away from the divisor 
div(m) on Xoo, by 

c,(M) = dd'=(-log||m(-)in. 
We define the arithmetic intersection number CAi of C and Ai by 

(3.1) Z.:M := (/.m)fin + (/.m)oo . 

The arithmetic self-intersection number of C is given by C.C. 



Theorem 3.3 (Arakelov, Deligne et al.). Formula (3.1) induces a bilinear, symmetric 
pairing 

Proof: See for example |Soj . □ 



Remark 3.4. Theorem |3.3| is a generalisation, essentially due to Deligne, of the arithmetic 
intersection pairing, invented by Arakelov, where only hermitian line bundle, whose Chern 
forms are multiples of a fixed volume form, are considered. 

If the genus of X is greater than one, then for each a we have on X(j(C) the canonical 
volume form 

j 

where f^{z)dz, ... fg{z)dz is an orthonormal basis of if°(Xo-(C), equipped with the 
natural scalar product. We write z/can for the induced volume form on Xoo and for ease of 
notation we set 

0(D) = 0(Z})._. 

Here the norm of the section Id of 0{D) is given by ||1d|| = g{D, ■) where g is the canonical 
green function (see e.g. [Laj). 

Due to Arakelov is the observation that there is a unique metric || ■ ||Ar on ujx such that 
for all sections P of j£ it holds the adjunction formula 

(3.2) ujAr-OiP) + OiPy = log \AeiqI 

where t^Ar = {^^x, II " II Ar)- Moreover c^Ar is a z/can- admissible hne bundle (see |Laj). 
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Remark 3.5. In Remark |2.6 we saw that the canonical divisor is only defined up to 



rational multiples of the special fibres. Because of formula (3.2) this indeterminacy will be 
deleted by the norm of the section. 

Let 3^ Spec Oe be an arithmetic surface and write Y for its generic fiber. We fix 
oo, Pi, Pr G Y{E) such that Y \ {oo, Pi, Pr} is hyperbolic. Then we consider any 
arithmetic surface X SpecO^; equipped with a morphism of arithmetic surfaces f3 : 
X ^ y such that the induced morphism f3 : X ^ Y of algebraic curves defined over E is 
unramified above Y{E) \ {oo, Pi, P^}. Let g > 2he the genus of X and d = deg(/3). We 
write f3*oo = '^bjSj and the points 5*^ will be called cusps. Set 6max = Divisors 
on X with support in the cusps of degree zero are called cuspidal. Finally, a prime p is 
said to be bad if the fiber of X above p is reducibl^ 

Theorem 3.6. Let f3 : X —>■ y be a morphism of arithmetic surfaces as above. Assume 
that all cusps are E-rational points and that all cuspidal divisors are torsion, then the 
arithmetic self-intersection number of the dualizing sheaf on X satisfies the inequality 

(3.3) uj\, < {2g - 2) I log | A^iq^ + [P : Q] {m log b^^^ + /ta) + flp log Nm(p) J , 

\ p bad / 

where Ki,K2 G M are constants that dependent only on Y and the points oo. Pi, P,.. The 



coefficients Op G Q are determined by certain local intersection numbers (see formula (3.4) 
below). 

Proof: See |Kii2j Theorem I. The method of proof uses classical Arakelov theory, as 
well as generalized arithmetic intersection theory (see [Kiil] ). which allows to use results 
of Jorgenson and Kramer |JK2] . □ 

To keep the notation simple, we write 5*^ also for the Zariski closure in of a cusp 5*^. Let 
/C be a canonical divisor of X, then for each cusp Sj we can find a divisor J-'j such that 

7(p) 



for all irreducible components Q of the fiber / ^(p) above p G Spec Ok. Similarly we 
find for each cusp Sj a divisor Qj such that also for all C^^-' as before 



S, + - -/3*oo j ■ cl'^ = 0. 

Then the rational numbers Op in the theorem are determined by the following arithmetic 
intersection numbers of trivially metrised hermitian line bundles 



(3.4) «P Nm(p) = -f E + E 

p bad 



^note that a prime of bad reduction need not be a bad prime 
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4. Fermat curves and their natural Belyi uniformization 
For the rest of this article we will consider the Fermat curve 

Fp:X'P + YP = ZP, 
where p > 3 is prime number, together with the natural morphism 
(4.1) /3 : 

given hy {x : y : z) ^ {x^ : y^). Since the morphism (3 is defined over Q, it is defined over 
any number field. It is a Galois covering of degree and, since there are only the three 
branch points 0, 1, oo, it is a Belyi morphism. All the ramification orders equal p. In |MRj 
Murty and Ramakrishnan give the associated Belyi uniformisation Fp(C) \/3~^{0, 1, oo} = 
Tp \ H. The subgroup Tp of r(2) is given by Tp = keTip where ip : r(2) Z/pZ x Z/pZ 
maps the generators of r(2) to the elements (1, 0) and (0, 1). 

A ramified point, i.e. an element S & Fp that maps to one of the branch points, will be 
called a cusp. Divisors with support in the cusps having degree zero are called cuspidal 
divisor. 



Proposition 4.1. Let Fp a Fermat curve and (3 : Fp -^F^ the morphism in (4.1). 

(i) The group of cuspidal divisors is a torsion subgroup ofCl{Fp). 

(ii) Let S G Fp{Q{(p)) be a cusp, then {2g — 2)S is a canonical divisor. 



Proof: The first statement follows from |Ro] . p. 101: Theorem 1. So only the second 
statement is left. By the Hurwitz formula there exists a canonical divisor with support in 
the cusps. Then by (i) the claim follows. □ 



5. A REGULAR MODEL AND THE MINIMAL MODEL FOR Fp 

In this section we are going to sketch the construction done by McCallum |Mcj of a regular 
model and the minimal model of the curve Fp : x^ + y^ = over S = Spec R, where 
R = Zp[^p] denotes the ring of integers of the field Qp(Cp) and (p a primitive p-th root of 
unity. In order to simplify our computations we may consider the curve 

(5.1) Cp:xP + yP = l 

in A| because the model, we are starting with, is just the normalization of the projective 
completion of Cp. It has just one prime ideal of bad reduction, namely (tt) := (1 — (p) 
which is the only prime lying over (p); in fact since p is totally ramified in Qp(Cp) we have 
p = u7iP~^ with an element u G Zp[(p]*. Reduction modulo p gives us a p-tuple line which 
is non-regular. Moving this line to the x-axis, or in other words setting 

(5.2) X = x and Y = y + x-l, 



equation (5.1) becomes 

-MvrP- V(^, -Y -1)+ uTTP~^(t){Y) + YP = 
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where 

P 

and (piX) := 1). Now, by blowing up the hne vr = F = 0, one obtains a model which 
is covered by the two affine open sets: we introduce new variables a and h. Setting b = y, 
we have Ui = Spec {R[X, Y, b]/{bY - vr, Fi(X, ¥))) where 

Y) = -ub''-^(f){X, -r - 1) + ubP-^(j){Y) + Y ; 

setting a = ^ the second affine open set is U2 = Spec{R[X,Y,a]/{a7i — Y,F2{X,Y))) 
where 

F^iX, Y) = -u(j){X, -r - 1) + u(t)(Y) + TiaP . 

The geometric special fibre Ui Xs SpecA;(7r) U f/2 Xs Spec/c(7r) of this model consists 
of a component L (which is located just in Ui and associated to the ideal {Y,b) in 
R[X, Y, b]/ {bY — vr, Fi{X, Y)) and components L^, Ly, La^, . . . , L^^, Lp^, . . . , which in- 
tersect L and correspond to the different roots of the polynomial 

0(X,-1) = -X(X-1) n {X-af \{{X-(3). 

The Lou appear with multiplicity 2 whereas all other components with multiplicity 1. 
There is also a line crossing the point at infinity on L, which we cannot see in this 
affine model. There are just singularities left on the double lines L„^. Blowing up these 
singularities we achieve new components La^. crossing La^. All components have genus 0. 
For later applications we define the index set 

(5.3) / := {x, z, A, aj, a^- fc, • • •} • 

Let us denote the model we achived by "^p. The scheme is a regular model and its 
geometric special fibre "^p Xspec_R SpecA;(7r) corresponding to (vr) has the configuration as 
in figure [1] where all components of the fibre have genus and the pair (n, m) indicates the 
multiplicity n and the self-intersection m of the component ( |Mcj . Theorem 3.). 



Lx Ly Lz La^ . . . La^ Lp-^ . . . Lfj^ 











(1, -2) 


(1, -2) 




(p. -1) 




(1, -2) 


(1, -2) 










(1, -2) 


(1. -2) 



















L 



(1,-p) (2, -p) (1,-p) 



Figure 1. The configuration of the geometric special fibre Xspec/? Spec A;(7r). 
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Remark 5.1. If we now blow down the curve L (which is the only one with self-intersection 
— 1), we get the minimal regular model 5^™"' (see |Chj . p. 315: Theorem 3.1). 



Remark 5.2. A regular model over Z[Cp] can be obtained by glueing the model over 
S and the smooth model of Fp over SpecZ[Cp] \ {p}. We will denote this model as well by 



Since we were just performing a sequence of blow-ups, the morphism (3 : Fp 
to a morphism of arithmetic surfaces 



P-^ extends 



: 



In particular together with Proposition |4 . 1 1 we see that (3 fulfills the assumptions of Theorem 
3.6 The rest of this paper is devoted to calculate the quantities in this theorem. 



6. Extensions of cusps and canonical divisors on '^p 
Definition 6.1. We denote by Sx a cusp of the form (0 : C : 1); this abuse of notation 



will be justified by the Lemma 6^ below, which shows that the properties of S^-, relevant 
for our considerations, do not depent on the exponent i. Similar we denote by Sy (resp. 
Sz) a cusp of the form ((^^ : : 1) (resp. (Cp : — 1 : 0)). If we take the Zariski-closure of 
a cusp Sx in we get a horizontal divisor, which we denote by S^- Again, similar for y 
and z. 

For any two divisors D and E of '^p we say that D intersects E, if supp D fl supp E ^ 0. 



Sy 



L 



Figure 2. The divisors Sx,S'^ and Sy, where S'^ is coming from another 
cusp of the form {0 : Q : 1). 



Proposition 6.2. Let S and S' be horizontal divisors of ^p coming from different cusps 
S and S' on Fp. Then the following properties are true: 

(i) S does not intersects'. 

(ii) If S = Sx (resp. Sy,Sz), then S only intersects the component Lx (resp. Ly,Lz) 
in the special fiber ^p x^pecOe Spec/c(7r) (see figure^. 
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Proof: For the proof, we need to work with the exphcit description of the regular 
model ^p. So if we talk about a cusp in the following, we will mean a point of the 
form {0 : (p — 1 : 1) ((C* : Q — 1 : 1) resp.) which is just Sx {Sy resp.) after the 



transformation (5.2). For any element in the ring OE[X,Y,b] {OE[X,Y,a] resp.) we will 
denote by a bar the corresponding element in the ring OE[X,Y,b]/{bY — it, Fi{X,Y)) 
{Oe[X, Y, a]/{a7r - Y, F^iX, Y)) resp.). 

Now let S, S be two horizontal divisors on '^p associated with cusps S, S and let Q G 
suppiS n suppiS be a point. We will denote by m the maximal ideal corresponding to 
Q. If the cusps lie above different branch points, for example S" = (0 : ~ 1 • 1) and 

5' = (C^ : Cjj — 1 : 1), we have X,X — Cl Em. But then (p E m which is impossible since 

(p is a unit. So let S and S' lie above the same branch point. Without loss of generality 
we may assume S = {Q : Q — 1 : 1) and S = : Q — 1 : 1). It is a basic result from 
number theory that {(^ — l)/7r is a unit in Oe if i ^ mod p. We will denote this unit by 
ei. If Q is a point in the fibre ^p XspecOB SpecA;(q), where q E SpecC^;, then q C m. On 

the other hand since X — X — (p E m we have Cp~ Cp = Cp(l ~" Cp~*) = Cp^j-i'^ so 
(vf) C m. Now if q is different from (vr) and so in particular coprime to (vr) we have 1 E m 
which gives us a contradiction again. It follows that the only possibility for Q to be in a 
special fibre is to be in the fibre of bad reduction Xspeco^, Spec A;(7r). Now since S and 
S are E'-rational points S and S are reduced to single points P and P in this fibre. A 
direct computation shows that 

M= (x-5,7f,a-e7) 

and 

M' = (x-C,W,a-e]) 

are the ideals corresponding to these points. If we take a look at the affine open set U2, 
described in the previous section, we can easily verify that M and M are indeed maximal 
ideals and that S and S are reduced to these points in the fibre of bad reduction since 

W{a-Il) = Y-Op + l 

and n {a — e]) = Y — (p + 1. Now if P = P' = Q we have 

ri _ 1 — 1 — tUl — 

_ _ 22 1 _ 22 1 — 22 2E — P ' — /-V 

vr TT TT vr 



and so Cp^j-i E m. But since Cp^j-i E O^, this gives us a contradiction and we have 
completed the proof of [i). 

Now let 5* = (0 : C — 1 : 1), so 5* is Sx after the transformation (5.2). Again Sn'^p XspecOE 



Spec/c(7r) is reduced to a single point P. Let M be the corresponding maximal ideal, so 
M = (X,7f, a — Ci). The irreducible component Lx corresponds (in U2) to the prime ideal 
I = (vf, X). Obviously I G M and so P is just in the component Lx in the fibre of bad 
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reduction (remember that the component L does not he in U2)- Since S is only reduced to 
P it only intersects L^. Similar computations for Sy and 5*2 yield (u). □ 

Lemma 6.3. Let SpecO^; be the arithmetic surface constructed above. There exists 

a canonical divisor C G C1(^Jp)q = Cl(5'p) ®z Q on of the form 

C = {2g-2)S + V, 

where S is a horizontal divisor coming from a cusp, g = g{Fp) is the genus of Fp and V 
denotes a vertical divisor having support in the special fibre XspecOs Spec/c(7r). 



Proof: It follows from Proposition that 

i2g-2)S 

is a canonical divisor in Cl(Fp)Q, where S is any cusp. If we now set 

Co:= (2(7-2)5 + Vo, 

where S is the Zariski closure of 5* and Vq is a sum of divisors, having support in the closed 
fibres, so that Cq fulfills the adjunction formula, then Co is a canonical divisor of ^p (see 



assure 



Proposition 2.5). Note that similar arguments, as in the proof of Proposition 2.5 
that Vo exists. For all primes q G SpecO^ not dividing p - in fact these are the primes 
of good reduction - the special fibre XspecO^ SpecA;(q) is smooth and so it consists of 
a single irreducible component. Since the self-intersection of this fibre is zero (see |Laj : 
p. 61: Proposition 3.5.) we can add any multiple of it to Cq and the resulting divisor 
still fulfills the adjunction formula. Using this fact we can transform Cq into a divisor 
C = {2g — 2)S + V, where V is a vertical divisor having support in the special fibre over vr. 



Again, by Proposition 2.5, this is a canonical divisor. □ 



Now we are ready to compute the canonical divisor for the model ^p. In the previous 
lemma we saw that such a divisor can be constructed with a horizontal divisor S coming 
from a cusp and vertical divisors having support in the fibres of bad reduction. Now let 
Sx be a cusp, 

(6.1) Vx = XxLx + XyLy + XzLz 

and 

r / p \ * 

1=1 \j=l J i=l 

where 

(6.3) A 



X 



"^g-p 
p 



(6.4) \y = = = X^^ ^ = - for ah i = 1, . . . , s and j = 1, 

(6.5) A.. = -2^^^ for allj = l,...,r. 
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Then we claim that the divisor given by 

(6.6) = {2g - 2)5, + + Vs 

is a canonical divisor. Notice that L is not included in Cx-, since it is modulo the full fiber 
just a linear combination of the other components. 



Lemma 6.4. The divisor in (6.6) is indeed a canonical divisor. 



Proof: From Lemma 6.3 we know that there exists a canonical divisor of the form (6.6) 
with (6.1) and (6.2) for some coefficients A. The only thing we need to do is to show that 
for these A is no other choice possible than the one we made in (6.3), (6.4) and (6.5). So 
the whole idea of the proof is the repeating use of the adjunction formula (see |Li2j . p. 390: 
Theorem 1.37) combined with the fact that the genus of the components of the special 
fibre is zero (see |Mcj . p. 59: Theorem 3) to approve the choice we made. We start with 
the observation 



(6.7) 2A„,,^ = A,, . 

Indeed, according to the adjunction formula .+Cx-Lc 
(see previous section), we have 

p 



-2 







^ Aq,,^Lq,-^^. + Aq,Xq,, I — \ai^j{-2) + Ac 



Now using (6.7) and the formula for L^., we get 

p 



P 



Xr 



pK 



p 



Xr 



p-2 = LarCx = ^Xc,,^+Xc,X-p) 2-"» 2' 

Similar computations yield Xy, Xz and the A^^. Finally, one observes that 

p-2 = C,-Lx = i2g- 2)S, ■ L, + X^Ll = {2g - 2) + A,(-p) 
and with this we finish our proof. 



□ 



With a view to this lemma we see that the vertical part of two divisors coming from cusps 
that lie over different branch points, say Cx and Cy, just differs in the parts Vx and Vy. 

7. The algebraic contributions to ujar^ 

We now calculate certain intersection numbers, which will be used later to complete the 
computations of the coefficient ap. 



Lemma 7.1. For Vs given in (6.2) we have 

Vs-Ve = (j9-3)(-J9) 



p-2 
P 
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Proof: In all the computations in this proof we have to remember the coefficients we 
calculated in Lemma 6.4, If we write Vs = Vs„ +^'^13, where Vs^ denotes the part coming 
from the La and Vs^ the part coming from the L^, we have 

Vs ■ Vs = Vs. ■ Vs. + Vs, ■ Vs, , 

since each of the components of Ve. does not intersect any component of Vs^ and vice 
versa. From figure [T] we see that each Lp. just intersects itself and that the number of 
self-intersection is —p. Since there are s lines L^., we have 

Vs« ■ Vs. = s{-p) 



V 



P 

Now let C be a canonical divisor. According to the adjunction formula, we have C-La^. = 
and, since each Lq,. ^, just intersects the Vs. part of C, the equation = C-La^^ = Vs. -L, 
This yields 

r r 
Vs. ■ Vs. = Vs. ■ ^ K,La^ = ^ (Vs. ■ L^J , 

where each addend is 

Ki (Vs. ■ = Aq,. I I ^ Xa^ jLa^ .^ + Aq,-Lq,, | " L 



i=l i=l 



J=l 

Px2 0/ (P-^ 



= 2{-p) 
I \ P 

Since there are r lines L^., we have 

Vs ■ Vs = (2r + s){-p) (^^^ ' = {p- 3){-p) (^^^' ' 



□ 



Lemma 7.2. Lei V^,. be a vertical divisors as in (6.1) which belongs to a cusp. Then 

2 



V.-V. 



-p) 



'^g-p 
p 



+ (-2p) 



P 



P 



Proof: The lines L^^Ly and only intersect themselves and each self-intersection number 
is —p. Now everything follows from the equations (6.3) and (6.4). □ 



Lemma 7.3. Let 

(7.1) 



T^x — Sx + Qx ) 
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where Qx = -L^. Then the divisor T>x is associated with (/?*(9pi^ (l)j ^ , 
words OiD^^p' = P*Op^ (1). 



or in other 



Proof: Let be a cusp and Q G the corresponding branch point. Since Pic(P]5) = Z 
and Cpi^(l) is a generator of Pic(P]5) any divisor of degree 1 is associated with Opi^(l). 
We choose Q to be this associated divisor. Now 

p 

i=l 

where Si runs through the cusps lying above Q. If follows from |Roj . p. 101: Theorem 



(remember that is one of the cusps) and so p Sx is 

that 



1. that P*Q ~ p'Sx in C\{Fp 

associated with P*Opi^{l). Since P*Opi^ (1)|fp ~ /^*C'pi,(l) it is clear with Lemma 
we can choose = Sx + Qx where Qx is a vertical divisor having support in the special 



1.4 



fibre XspecOs Specfc(7r). Now let / be the index set from (5.3). Since each component 
of the special fibre which is different to L is mapped to a single point by f3, we have 

(7.2) (p'^Vx) ■ Li = (Vz G /) 

(see |Li2] . p. 398: Theorem 2.12 (a) ). On the other hand we have 

(7.3) p^ = p^Vx ■ dp X Spec Ob Spcc fc(7r) = p^Vx ■ L 

(see |Li2] . p. 388: Remark 1.31.). Solving (7.2) and (7.3) we get Gx = -Lx- 



□ 



Theorem 7.4. Let Cx = {2g — 2){Sx + J-'x) be a canonical divisors and T>x = Sx + Qx o, 

divisors as in (7.1), where x indicates that this divisor belongs to a cusp Sx- Then 



T ■ T 

•J X -J X 



p2 (p— 3)^ 



Sx ■ Qx 



(29-2)' 



iyl + V|). Now Lemma 



7.1 



Proof: We have Tl 

(p-i)(p-2) yjgj^ (after simplifying equations) our first claim 



{Qx ■ Qx) = -■ 

and Lemma 



7.2 



together with 
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With equation (7.2) we get Sx ■ Qx 

□ 



■{Qx ■ Qx)- Since Qx = -Lx the second claim follows. 



Now, we successfully prepared all the ingredients to actually calculate some intersection 
numbers for the Fermat curves. 

8. Proof of the main result 

Theorem 8.1. Let be the regular model of the fermat curve Fp over SpecZ[Cp] which 
was constructed in section\5\ Then the arithmetic self-intersection number of its dualizing 
sheaf equipped with the Arakelov metric satisfies 

p^ - Ap + 2 



uj'^^,Ar < (2^7 - 2) log \AQ^c,m\ + MCp) ■■ Q] {f^i logp + K2) + 



P{P - 3) 



logp 



16 



CHRISTIAN CURILLA, ULF KUHN 



where ki,K2 E M are constants independent of p. 

Proof: In section |4] and [s] we saw that the morphism /3 : Fp — > fulfills the requirements 



of Theorem 3.6 Since f3*oo = Y^^i=iPSi "^^ have bj = femax = P- The morphism (3 is of 
degree p^. It follows that in our case the formula (3.4) of Theorem 3.6 becomes 



J2 «plogNm(p) = aplogNm(p) = -2gOig,y + {2g - 2)0{T^f 

p bad 

= -2^e?/ logp + {2g - 2)^/ logp 

2g - 7p^ + 15p - 8 , 
= — logp - {2g - 2) — logp 

p p^[j) — iy 

p^ -Ap + 2 



pij) - 3) 



log p. 



□ 



Remark 8.2. In Section [s] we have seen that we get a minimal regular model 5^^*"^ of Fp 
if we blow down the component L of the special fibre. Let vr : — > ^^™" denote this 
blow-down. Then there exists a vertical divisor W on (with support in the special fibre) 
such that 7r*a;^in = tu^^ ® OiW). We have 

Proposition 8.3. With the notation from above we have 

2u^^ ■ 0{W) + 0{Wf = (2p2 _ lOp + 13) logp. 

Proof: We start by computing the canonical divisor /C™" of 5^™", so the divisor with 



0(/C^*") = uJ^grnin. Let Lu TcLu, whcrc u E I and / is the index set (5.3). In order to 
compute intersections of the we need to find their pullback and then compute everything 
on ^p. We have 7i*Lu = Lu for u = aij and 

77 Lu = Lu + L 

for all other u. Indeed, let for instance u = x. Then we have 7r*Lx = L^ + HxL, where Hx 
is a rational number. It follows that = L ■ ti*Lx = 1 — fix (see |Li2j . p. 398: Theorem 2.12. 
(a)). 

The canonical divisor on 5^™*" is given by 

lCT'' = i2g-2){Sx + -Lx). 

p 

To verify this we just need to proof that /C™*" satisfies the adjunction formula and restricts 



to the canonical divisor Kx of the generic fibre Fp (see Proposition 2.5). The second 
property is obviously fulfilled. In order to verify the adjunction formula one has to check 
that it is valid for each irreducible component of the special fibre. We will illustrate this 
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for the component and leave the rest to the reader since the computatfons are very 
similar. We have 

/Cr"-4 = {2g-2){S,-L, + -Ll) 

P 

= {2g-2){l + ^{L, + Lf) 

= p{p-3){l--{p-l)) = {p-3) 
p 

(see |Li2] . p. 398: Theorem 2.12. (c) for the second equality). On the other hand is 

2paiL^) -2-Ll = -2-{L^ + Lf = (p - 3) 

and so the formula is valid for L^. 

The pullback of the canonical divisor is now 

7r*/Cr" = (2(?-2)(5, + -L, + -L) 

p p 

and an easy computation shows that 

W = -XyLy - KL, - ^^^L, - Ve + ^^^L 

p p 

fulfills 7r*/Cr" = /C^. + W. It follows that we have to compute (2/C^ ■ W + W^) hgp in order 
to get 2u}^^ ■ 0(W) + 0(W)2. Since we have W ■ (2/C^ + W) = W ■ (/C^. + 7r*/Cr") we may 
compute W ■ /C^ and W ■ 7r*/C™". Using the adjunction formula and linearity we get 

= ip-2)(-\y-K- C^]] -V^-JC, ^^^"^ 



p J J \ V 

(p-2)^ \ _ ^2 _ ( V{V - 3) 
p J ^ \ P 
= {p-2f-{p-3). 

On the other hand we have 

W-7r*/Cr" = W ■ - 3)5, + (j9 - 3)L,. + (p - 3)L) 

= (p - 2)(p - 3) - (p - 2){p - 3) + (p - 3)2 + (p - 3)W ■ L 

= (p-3)2 + (p-3)f-A,-A,-^ + ^(p-3)-(j9-3) 

V p p 

= (p - 3)2 + (p - 3)(p - 2) - (p - 3)2 = (p - 2)(p - 3) 
and so 2uj^^ ■ 0(W) + ^(W)^ = {2p^ - lOp + 13) logp. □ 
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Theorem 8.4. Let minimal regular model of the fermat curve Fp over Spec Z[Cp] 

from section^ Then the arithmetic self-intersection number of its dualizing sheaf equipped 
with the Arakelov metric satisfies 

/ 3p2 _ -^^p + 15 \ 
%^",Ar < (2^ - 2) j^log I Aq(^^)|qP + [Q(Cp) : Q] {ki logp + K2) + _ logpj , 

where k,i,K2 ^ ore constants independent of p. 

Proof: Follows directly from Theorem |8.1 and Proposition 8^ □ 



a;-, 



Corollary 8.5. With the notation from the previous theorem we have: 

<^l^'",Ar < (25' - 2) {{p - 1) (ki logp + K2) H logp 

Proof: It is a well known fact that Aq(^p)|q = (— and [Q(Cp) '■ Q] = P — and 



so Theorem |8.4| yields 

-2 



< {2g - 2) (^logp2p-4 + (p - 1) logp + k^) + ^^'^(^^^^gj logp) 
(p - 1) (ki logp + K2) + logp 



□ 
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